Abstract. We prove that every simple connected graph with no K5 minor admits a proper 4-coloring such that the neighborhood of each vertex v having more than one neighbor is not monochromatic, unless the graph is isomorphic to the cycle of length 5. This generalizes the result by S.-J. Kim, S. J. Lee, and W.-J. Park [15] on planar graphs.
introduction
In this paper, all graphs are assumed to be simple, meaning that they have no loops and no parallel edges. We say that a vertex v of a graph G is happy with a proper coloring of G, if either v has a pair of neighbors having distinct colors or v has at most one neighbor. A dynamic k-coloring of a graph G is a proper (vertex) k-coloring of G such that every vertex is happy. The dynamic chromatic number χ d (G) of a graph G is the minimum number k such that G has a dynamic k-coloring.
This concept was introduced by Montgomery [25] . Dynamic chromatic numbers (and list dynamic chromatic numbers) have been studied for various classes of graphs such as graphs of small maximum degree, bipartite graphs, regular graphs, random graphs, or graphs embedded in a surface [25, 21, 20, 24, 1, 22, 2, 16, 5, 13, 15] .
Erdős, Furedi, Hajnal, Komjáth, Rödl, and Seress [7] initiated a similar but opposite concept called a local ℓ-coloring. A local ℓ-coloring is a proper coloring such that the neighbors of each vertex receive at most l colors. There are series of results in this concept as well [19, 28, 29, 8, 26, 31, 17, 10, 3, 30] .
Clearly the chromatic number χ(G) is a lower bound for χ d (G). Furthermore, it is easy to see that χ d (C 5 ) = 5 whereas χ(C 5 ) = 3. Moreover, graphs of small chromatic number may have arbitrary large dynamic chromatic number; for instance, if we subdivide every edge of K n , then its dynamic chromatic number is n, whereas its chromatic number is 2. This might suggest that the dynamic chromatic number may be quite different from the usual chromatic number. But it turns out that all connected planar graphs have a dynamic 4-coloring, except graphs having C 5 as a component, if we assume the four color theorem. Theorem 1.1 (S.-J. Kim, S. J. Lee, W.-J. Park [15] ). If G is a connected planar graph other than C 5 , then G is dynamically 4-colorable.
We generalize the above theorem to graphs with no K 5 minor. Wagner [34] proved that such graphs are 4-colorable, assuming the four color theorem. Our main theorem generalize his results to the dynamic chromatic number.
Our proof is based on the structural characterization of graphs with no K 5 minor by Wagner [34] . Unlike the usual graph coloring, combining coloring on both side is not easy, because we should make sure that every vertex is happy. We will prove properties of minimum counterexamples. In Section 2, we will prove that a minimum counterexample has to be 2-connected. Section 3 proves that it is internally 3-connected. Section 4 proves that it has no set X of 3 vertices such that G \ X has too many components having degree-3 vertices. In Section 5 we prove the main theorem by using the structural theorem on K 5 -minor-free graphs. In Section 6 we discuss a related question motivated by Hadwiger's conjecture. Proof. Suppose that G is not 2-connected. We will show that G is dynamically 4-colorable. Since G is not 2-connected, G has a separation (A, B) of order 1. Let v be the unique vertex in A∩B.
If both G 1 and G 2 are isomorphic to C 5 , then G is planar and therefore it is dynamically 4-colorable by Theorem 1.1. Thus we may assume that G 2 is not isomorphic to C 5 . Since G 2 has no K 5 minor, G 2 has a dynamic 4-coloring c 2 , because G is a counterexample of Theorem 1.2 with minimum |E(G)|.
We now choose a proper 4-coloring c 1 of G 1 as follows. If G 1 is not isomorphic to C 5 , then G 1 also has a dynamic 4-coloring which we choose as c 1 . Otherwise, G 1 is isomorphic to C 5 . Let v, a, b, c, d be the vertices of G 1 in the cyclic order. Then we take c 1 (a) = 2, c 1 (b) = 3, c 1 (c) = 4, c 1 (d) = 2, and c 1 (v) = 1. Notice that in both cases, every vertex of G 1 other than v is happy with c 1 .
We may assume that c 1 (v) = c 2 (v) by permuting colors in c 2 if necessary. Since G is connected, let x, y be neighbors of v in G 1 and G 2 respectively. We may assume that c 1 (x) = c 2 (y) by permuting colors in c 2 without changing the color c 2 (v).
We define a coloring of G as
Clearly c is a proper 4-coloring of G and every vertex of G other than v is happy with c because its degree did not change in G 1 or G 2 . In addition, v is happy with c because c(x) = c(y). This contradicts to our assumption that G has no dynamic 4-coloring. We shall prove that a minimum counterexample should be internally 3-connected. To this end, we first show the following lemma. If this claim is true, then we can construct a dynamic 4-coloring c as follows:
Separations of Order
Clearly every vertex is happy with c and this proves the lemma. Now it is enough to find such c 2 . We consider the following two cases separately.
We may assume c 1 (x) = 1, c 2 (y) = 2. Let G We may assume that c 1 (
. By permuting colors of c 2 , we may assume c 2 (x) = c 2 (y) = 1.
Suppose that G * 2 has no dynamic 4-coloring. Note that G * 2 has no K 5 minor and |G * 2 | < |G|. Since G is a minimum counterexample of Theorem 1.2, G * 2 is isomorphic to C 5 . Let x = y, a, b, c, d be the vertices of G * 2 in the cyclic order. We take c 2 (
We claim that c 2 is a proper 4-coloring of G[B] as well with the property that every vertex in B \ A is happy with c 2 in G [B] . Suppose that v ∈ B \ A has at least two neighbors in G. Then v must have at least one neighbor in B \ A and therefore v has at least two neighbors in G * 2 as well. Thus v is happy with c 2 .
Lemma 3.2. Let G be a counterexample of Theorem 1.2 with minimum
Proof. Suppose that G is not internally 3-connected. We will show that G is dynamically 4-colorable.
First note that by Lemma 2.1, the graph G is 2-connected. Since G is 2-connected but not internally 3-connected, there exists a separation (A, B) of order 2 such that |A \ B|, |B \ A| > 1. Let x, y be vertices in A ∩ B. Let
Since G is a counterexample of Theorem 1.2, the graph G is nonplanar by Theorem 1.1. Thus either G 1 + xy or G 2 + xy is nonplanar. Without loss of generality, we may assume that the graph G 1 + xy is nonplanar by interchanging A and B if necessary.
Choose a separation (A, B) so that |A| is minimized. Clearly, |A| ≥ 5 because G 1 + xy is nonplanar.
We first show that every vertex x in A ∩ B has at least two neighbors in G 1 . Clearly the vertex x has at least one neighbor in A \ B because G is 2-connected. If x has only one neighbor
+ xy is nonplanar. Hence it contradicts to the choice of a separation (A, B) with minimum |A|. This proves the property.
If there is a vertex u ∈ B \ A whose neighbor set in G is A ∩ B = {x, y}, then we apply Lemma 3.1 with a separation (A ∪ {u}, B \ {u}) and deduce that no such separation exists in G.
Otherwise we apply Lemma 3.1 with the separation (A, B) and obtain a contradiction.
Separations of Order 3
From the previous section, we know that in a minimum counterexample G, every separation of order 2 in G is a trivial separation induced by a vertex of degree 2. To prove higher connectivity in G, let us consider a graph G having no vertex of degree 2 such that G is a subdivision of G. We aim to prove that there is no set X of 3 vertices in G such that G \ X has more than 2 components. We want to construct a dynamic 4-coloring c of G. To do so, we claim that G[B] has a proper 4-coloring c 2 such that c 1 (x) = c 2 (x), c 1 (y) = c 2 (y)
Clearly c is a dynamic 4-coloring of G by the condition (i). This contradicts to our assumption that G is a counterexample, finishing the proof.
To prove the claim, we consider the following three cases separately
Since G[B] + xy + yz + zx is not isomorphic to C 5 , it admits a dynamic 4-coloring c 2 . We may assume that c 2 (x) = c 1 (x), c 2 (y) = c 1 (y), c 2 (z) = c 1 (z) by permuting colors of c 2 . Clearly every vertex in B \ A is happy with c 2 .
Case 2: Suppose that c 1 (x) = c 1 (y) = c 1 (z).
Since G ′ = (G[B] + xy + yz)/xy is a minor of G, G ′ has no K 5 minor. If G ′ is not isomorphic to C 5 , then we take a dynamic 4-coloring c 2 of G ′ to define a wanted proper 4-coloring of G [B] . Notice that no vertex of B \ A has degree 1 in G ′ because G has no vertex of degree 1 in B \ A and to have degree 1, it has to have exactly two neighbors x and y, but then by (iii), c 1 (x) cannot be equal to c 1 (y). This allows us to say that every vertex in B \ A is happy with c 2 even in G[B] instead of G ′ .
If G ′ is isomorphic to C 5 , then let x = y, a, b, c, z be the vertices of G ′ in the cyclic order. We take c 2 (x) = c 2 (y) = 1, c 2 (a) = 2, c 2 (b) = 4, c 2 (c) = 3, c 2 (z) = 2. This proves the claim.
If there is a vertex u ∈ B whose neighbor set in G is A ∩ B, then by the condition (iii), it is impossible that c 1 (x) = c 1 (y) = c 1 (z) in a dynamic 4-coloring of G[A]. Therefore every vertex in B \ A has some neighbor in B \ A.
Since G ′ = (G[B] + xy + yz)/xy/yz is a minor of G, G ′ has no K 5 minor. If G ′ is not isomorphic to C 5 , then we take a dynamic 4-coloring c 2 of G ′ to define a wanted proper 4-coloring of G [B] . Notice that no vertex of B \ A has degree 1 in G ′ because G has no vertex of degree 1 in B \ A and to have degree 1, it has to have neighbors only in A ∩ B, but this contradicts to our assumption. This allows us to say that every vertex in B \ A is happy with Proof. Suppose that G has a set X of 3 vertices such that G\X has at least 3 components having vertices of degree more than 2. If G\X has a component having more than 1 vertex, let C be such a component. Otherwise, every component of G \ X has a single vertex and let C be a component having a vertex of degree 3 in G. (A, B) and obtain a contradiction.
Proof of Theorem 1.2
Halin [11, 12] proved that every non-planar graph with no K 5 minor contains a subdivision of V 8 ( Figure 1) as a subgraph or it has a set X of three vertices such that G \ X has at least three components. (A slightly stronger version was proved by Kézdy and McGuinness [14, Theorem 3.6] later.) Moreover, Halin observed the following theorem since a 3-connected graph not containing K 5 minor but containing V 8 minor is isomorphic to V 8 .
Theorem 5.1 (Halin [11, 12] ). Every 3-connected nonplanar graph with no K 5 minor is isomorphic to V 8 (Figure 1) or has a set X of three vertices such that G \ X has at least 3 components.
We use the following theorem shown by Lai, Montgomery, and Poon [21] . (A stronger result with dynamic choice numbers was later proved by Akbari, Ghanbari, and Jahanbekam [1] .) Theorem 5.2 (Lai, Montgomery, and Poon [21] ). If a connected graph H has maximum degree at most 3, then H is dynamically 4-colorable, unless H is isomorphic to C 5 .
We can now complete the proof of the main theorem.
Proof of Theorem 1.2. Let G be a counterexample with minimum |E(G)|. By Theorem 1.1, G is nonplanar. Let G be the graph obtained from G by, for each vertex of degree 2, contracting one incident edge. By Lemma 3.2, G is a 3-connected nonplanar graph with no K 5 minor. By Theorem 5.1, G is isomorphic to V 8 or has a set X of 3 vertices such that G \ X has at least 3 components. However, Lemma 4.2 states that there is no such X. Therefore G is isomorphic to V 8 and therefore G is a subdivision of V 8 . By Theorem 5.2, G is dynamically 4-colorable.
Discussions
Hadwiger's conjecture [9] claims that graphs with no K t+1 minor is tcolorable. It is fairly easy to prove Hadwiger's conjecture for t < 4. The four color theorem is equivalent to Hadwiger's conjecture for t = 4, shown by Wagner [34] , and for t = 5 shown by Robertson, Seymour, and Thomas [27] 
Our theorem on dynamic coloring can also be seen as an equivalent theorem of the four color theorem, as there is only one exception C 5 which is 3-colorable. So we might ask the following:
Is it true that every connected graph with no K t+1 minor is dynamically t-colorable, except finitely many t-colorable graphs?
This question is obviously true for t = 1, and is true for t = 4 by Theorem 1.2.
But unlike Hadwieger's conjecture, this question turns out to be false when t = 2 or t = 3. Obviously there are no dynamically 2-colorable connected graphs having a vertex of degree at least 2 and therefore the question is false for t = 2. For t = 3, every cycle of length 3k ± 1 for a positive integer k is not dynamically 3-colorable [25] . Moreover, for any dynamically 3-colorable graph, we can attach an ear of length 3k whose ends are adjacent to forbid it to be dynamically 3-colorable. This suggests that probably it is not easy to characterize exceptional graphs for t = 3.
It remains to consider the question for t > 4; the authors are unaware of any graph having no K t+1 minor but not dynamically t-colorable for t > 4. Probably with more colors available, it may be easier to color the graph dynamically.
As a small evidence, let us consider apex graphs or more generally, graphs that can be made planar by removing at most k vertices. If G \ X is planar for a set X of k vertices, then G has no K k+5 minor. We prove that those graphs are dynamically (k + 4)-colorable. Let v ∈ X. We may assume that G \ (X \ {v}) is nonplanar and therefore v has at least two neighbors.
If G\v is isomorphic to C 5 , then G is planar and therefore G is dynamically 4-colorable. Thus we may assume that G \ v is not isomorphic to C 5 . By the induction hypothesis, G \ v is dynamically (k + 3)-colorable. Let c 1 be a dynamic (k + 3)-coloring of G \ v.
Let N be the set of all neighbors of v. If N is not monochromatic in c 1 , then we win because c is a dynamic (k + 4)-coloring of G. Thus we may assume that every vertex in N is colored by 1 in c 1 . Let us pick a neighbor w in N .
Suppose that every neighbor of v has at least three neighbors in G. Let
We claim that c is a dynamic (k + 4)-coloring of G. It is easy to see that c is a proper coloring. Moreover, v is happy with c because its neighbors have color 1 and k + 4 in c. A vertex y = v, w is happy with c because it was happy with c 1 . A neighbor x of v other than w is happy with c 1 because it has a neighbor of color 2 and a neighbor of color other than 2. The vertex w is happy with c 1 because not all neighbors of w other than v are colored with 2 due to the assumption that c 1 is a dynamic (k + 3)-coloring of G \ v. This proves the claim. Now we may assume that v has a neighbor w having at most two neighbors in G.
• If w has a neighbor w 1 other than v and w 1 has a neighbor w 2 other than w, then let d ∈ {2, . . . , k + 3} \ {c 1 (w 1 ), c 1 (w 2 )}.
• If w has a neighbor w 1 other than v and w 1 has no neighbor other than w, then let d ∈ {2, . . . , k + 3} \ {c 1 (w 1 )}.
• If w has no neighbor other than v, then let d = 2.
Then it is easy to check that c is a dynamic (k + 4)-coloring of G.
We also prove that a graph with no K t minor is dynamically f (t)-colorable for some function f . To show this, we prove the following lemma. A graph H is a topological minor of G if G has a subgraph isomorphic to a subdivision of H. Lemma 6.2. Let G be a graph such that every topological minor of G has a vertex of degree at most k. Then G is dynamically (k + 3)-colorable.
Note that unlike the usual coloring of graphs, k-degenerate graphs have unbounded dynamic chromatic number. (A graph is k-degenerate if every subgraph has a vertex of degree at most k.) For instance, if G is a graph obtained from K n by subdividing each edge once, then G is 2-degenerate and yet χ d (G) ≥ n.
Proof. We may assume that G is simple connected and k ≥ 2. We proceed by induction on |V (G)|. We may assume that |V (G)| ≥ 2. Let v be a vertex of minimum degree. Let v 1 , v 2 , . . . , v d be neighbors of v.
If v has degree 1, then we can pick a color for v that are not used in v 1 and one of the neighbors of v 1 .
So we may assume that every vertex of G has degree at least 2. Let w 1 be a neighbor of
If v has degree 2, then let G 1 = G/vv 1 . Let c 1 be a dynamic (k + 3)-coloring of G 1 . Note that G 1 is a topological minor of G and therefore G 1 satisfies our assumption that each of its topological minors has a vertex of degree at most k. Since v 1 and v 2 are adjacent, c 1 (
Then c is a dynamic (k + 3)-coloring of G.
We may now assume that every vertex of G has degree at least 3. Let
Notice that G 1 is a topological minor of G as we can remove all edges incident with v except vv 1 and vv 2 and then contract vv 1 . By the induction hypothesis, c 1 is dynamically (k + 3)-colorable. Let f be a color in {1, 2, . .
Then c is a dynamic (k + 3)-coloring of G. First of all, v is happy with c because v 1 and v 2 are adjacent in G 1 and so c 1 (v 1 ) = c 1 (v 2 ). Secondly, for i = 1, 2, v i is happy with c because w i and v are neighbors of v i having distinct colors. Third, for i = 3, 4, . . . , d, the vertex v i is happy with c because v i has degree at least 2 in G 1 and therefore v i has a pair of neighbors having distinct colors in c 1 . Finally, all other vertices are happy with c because they were happy with c 1 in G 1 .
We also use known results in order to show our result. Bollobás and Thomason [4] and Komlós and Szemerédi [18] proved that there is a constant c such that every graph having average degree at least ct 2 contains K t as a topological minor. A theorem by Thomas and Wollan [32] implies that c can be taken to be 10, explained in the textbook of Diestel [6] . Thus, we have that (1) every graph with no K t topological minor has a vertex of degree less than 10t 2 .
There are similar results for minors. Mader [23] proved that if an n-vertex graph has at least (8t log 2 t)n edges, then it has K t minor. This gives that (2) every graph with no K t minor has a vertex of degree less than 16t log 2 t.
(Later Thomason [33] showed that this constant 8 can be improved to 0.2656 . . . + o t (1) where o t (1) → 0 as t → ∞. Note that this constant is asymptotically tight.) Theorem 6.3. The following hold:
(i) A graph with no K t topological minor is dynamically (10t 2 +2)-colorable.
(ii) A graph with no K t minor is dynamically (⌊16t log 2 t⌋ + 3)-colorable.
Proof. (i): Let G be a graph with no K t topological minor. Clearly, every topological minor of G has no K t topological minor. From (1), every topological minor of G has a vertex of degree less than 10t 2 . Hence, Lemma 6.2 implies (i).
(ii): Let G be a graph with no K t minor. Clearly, every minor of G has no K t minor. In particular, every topological minor of G has no K t minor. From (2), every topological minor of G has a vertex of degree less than 16t log 2 t. Hence, Lemma 6.2 yields (ii).
